We propose a new class of conformal higher spin gravities in three dimensions, which extends the one by Pope and Townsend. The main new feature is that there are infinitely many examples of the new theories with a finite number of higher spin fields, much as in the massless case. The action has the Chern-Simons form for a higher spin extension of the conformal algebra. In general, the new theories contain Fradkin-Tseytlin fields with higher derivatives in the gauge transformations, which is reminiscent of partially-massless fields. A relation of the old and new theories to the parity anomaly is pointed out.
Introduction and Main Results
As is well-known, gravity in three dimensions is equivalent [1, 2] to the Chern-Simons action for so(2, 2) ∼ sl 2 ⊕ sl 2 . Its higher spin extension is obtained [3] [4] [5] [6] by replacing sl 2 with any algebra such that its decomposition with respect to a given sl 2 embedding leads to representations bigger than the adjoint one. Even though graviton, s = 2, and massless higher spin fields, s > 2, do not have propagating degrees of freedom in three dimensions this class of models has been very useful in understanding many aspects of higher spin theories and AdS/CFT, see e.g. [7] for a review.
Similarly, conformal gravity in three dimensions can be understood as Chern-Simons theory for the conformal algebra so(3, 2) [8] . Conformal higher spin algebras in three dimensions are exactly the usual higher spin algebras in four dimensions. Chern-Simons action for any of these algebras leads to a consistent theory of conformal higher spins. The first example of such a theory was studied by Pope and Townsend long ago [9] and by Fradkin and Linetsky [10] . It leads to a nonlinear theory of conformal higher spin fields, Fradkin-Tseytlin fields [11] , that can be realized as symmetric traceless tensors with the linearized gauge symmetries of the form δφ a 1 ...as = ∂ a 1 ξ a 2 ...as + permutations − traces (1.1)
Our proposal is to take advantage of a large class of higher spin algebras available from the study of symmetries of (higher derivative) free CFT's of type k Φ(x) = 0 [12] [13] [14] [15] and partially-massless fields in AdS 4 [15] [16] [17] [18] and to construct some new algebras that are finitedimensional [19, 20] . This leads to several observations: (i) there exists a new class of nonlinear conformal higher spin theories in three dimensions; (ii) there is a large class of such higher spin algebras available; (iii) there are finite-dimensional algebras among those, which is not the case for the conformal higher spin fields studied in [9, 10] .
In addition to the usual Fradkin-Tseytlin fields (1.1) the spectrum of the new conformal higher spin theories also involves conformal cousins [15, [21] [22] [23] [24] [25] of partially-massless fields [21, [26] [27] [28] [29] that have higher derivatives in the gauge transformations:
δφ a 1 ...as = ∂ a 1 ...∂ at ξ a t+1 ...as + permutations − traces (1.2) These fields can also be understood as boundary values of the genuine partially-massless fields in AdS 4 [15] . The complete theories for conformal higher spin fields are given by the Chern-Simons action for a variety of higher spin extensions of the conformal algebra so (3, 2) .
What is interesting as compared to the case studied by Pope and Townsend is that there is a family of finite-dimensional higher spin algebras, which is similar to the purely massless case. The theories with finitely many higher spin fields should be more tractable as the massless case has already shown. In the latter case the key role is played by sl 2 and its embedding into a higher spin algebra. Likewise, in the conformal case the key role is played by so (3, 2) and its embedding. In brief, one can pick any representation V of so (3, 2) , whether finite-dimensional or not. There is an associated higher spin algebra hs(V ) that can be understood as Mat(V ) and whose decomposition into so(3, 2)-modules is given by
The so(3, 2) decomposition of hs(V ) determines the spectrum of conformal fields, which is very similar to the partially-massless case [29] . Indeed, given a higher spin algebra hs, the spectrum of the theory features a depth-t spin-s Fradkin-Tseytlin field (1.2) if the so (3, 2) decomposition of hs contains an irreducible module corresponding to the two-row Young diagram with rows of lengths s − 1, s − t, t = 1, ..., s:
This dictionary is established by studying the free approximation and the Chern-Simons action provides a simple and unique non-linear completion.
While the Chern-Simons Lagrangian is simple and manifestly gauge-invariant up to a total derivative, an attempt to solve for the auxiliary fields and write down a closed form expression in terms of the conformal higher spin fields φ a 1 ...as faces great technical difficulties [30] [31] [32] . The same is true for the massless fields in three dimensions -the Chern-Simons formulation is by far more economical and simple at the moment [33, 34] . Nevertheless, it is worth stressing that the conformal fields φ a 1 ...as or its massless analogs, Fronsdal fields, can easily be shown to be the only dynamical variables present in the Chern-Simons connection, with the rest of the components being (generalized) auxiliary fields. The equations of motion have the form of vanishing (higher spin generalization of) Cotton tensor:
where the expression is sketchy and shows the order of derivatives, the ǫ abc -tensor and the presence of higher order corrections that involve fields of different spins (specified by the higher spin algebra). For the usual t = 1 case the linearized Cotton tensor was discussed in [9, 25, [35] [36] [37] [38] [39] for a number of cases and certain nonlinear terms were derived in [30] [31] [32] . For t > 1 the linearized Cotton tensors were derived in [25] .
Conformal higher spin fields in d > 3 are non-unitary, but this is not the case in three dimensions due to the topological nature of the fields. In this sense, conformal higher spin fields in three dimensions are as good as massless fields, while the unitarity is clearly an issue in d > 3. Historically, the t > 1 Fradkin-Tseytlin fields were studied in few papers [15, [21] [22] [23] [24] [25] 40] . The 3d case is very much different from the d > 3 ones since the conformallyinvariant differential operator is the Cotton tensor [25] .
In the paper we discuss the conformal higher spin theories as Chern-Simons theories for appropriate higher spin algebras. Without going into detail let us mention another possibility to construct such theories as effective actions. It is known that the conformal higher spin gravity in four dimensions [41] [42] [43] (any even dimension) is closely related to the conformal anomaly -it can be defined as the local part of the induced action, the coefficient of the log-divergent term [42] . In three dimensions there also exists a way to obtain the conformal higher spin gravities as parity anomalies. Indeed, it is well-known that coupling fermions to gauge fields induces the parity anomaly [44] [45] [46] Im log DψDψ e i d 3 x [iψ / ∂ψ+ψγµψA µ ] = S CS [A] (1.5) and the anomaly is given by the Chern-Simons action (we do not display its level). This anomaly results from coupling of the spin-one currentψγ µ ψ to the background field A µ .
Similar result can be obtained for the gravitational coupling [47] and for four-manifolds with boundaries [48] . The free fermion theory in three dimensions features conserved tensors of any rank s = 1, 2, 3, 4, ...., which are schematically of the form J s =ψγ∂ s−1 ψ. see [49] for the first steps in this direction and related discussion.
Since the currents associated with J s can also be represented as on-shell closed two-forms, the natural object they couple to is a connection ω of the higher spin algebra [50] .
The relation between Fradkin-Tseytlin fields φ a 1 ...as and connection ω is quite complicated though, as discussed above. At least some of the new theories that we discuss in the paper should correspond to the parity anomaly in the higher derivative theories with conformallyinvariant kinetic terms of the formψ k ( / ∂)ψ. We also note that the parity anomaly can be used to define conformal higher spin theories in all odd dimensions d, the action being the d-dimensional Chern-Simons term. It would also be interesting to see what is the higher spin generalization of the Atiyah-Patodi-Singer theorem [51] .
We expect that the new theories provide a useful higher spin playground due to both the 
Conformal Gravity
We briefly discuss the conformal gravity in 3d: how the simple Chern-Simons formulation is related to the one where the dynamical field is conformal graviton g µν [8] . The very first formulation of conformal gravity in three dimensions was found in the form of a non-standard
Chern-Simons action [54, 55] :
µ dx µ is a spin-connection and L ab are the generators of the Lorentz algebra so(2, 1) with the canonical trace in the adjoint representation. However, the spin-connection ̟ is not an independent variable, rather it is expressed in terms of dreibein e a ≡ e a µ dx µ via the torsion constraint
Also, the conformal invariance of the action is not manifest. This formulation is equivalent to the Chern-Simons theory of the conformal algebra so(3, 2) [8] . To demonstrate this let us fix the commutation relations of so(3, 2) to be
where L ab , P a , K a and D are Lorentz, translation, conformal boosts and dilation generators, respectively. Now, we take a connection of so(3, 2)
and write down the Chern-Simons action for ω (we drop the level)
The equations set the curvature F = dω + 1 2 [ω, ω] to zero. The component form reads
6a)
In order to prove the equivalence we need to impose certain gauge conditions and solve some of the equations. The standard gauge transformations with gauge
leads to
Firstly, assuming that the dreibein e a µ is non-degenerate, we can gauge away b, i.e. impose b = 0. Now, the gauge transformations of e a acquire the required form, so that one finds the correct transformations for the conformal metric g µν = e a µ e b ν η ab . Equation F D = 0 implies that f a µ e aν is symmetric. F a P = 0 is the standard torsion constraint to be solved for ̟ a,b in terms of e a . Next, F a,b L = 0 implies that f a µ e aν is the Schouten tensor. Finally, F a K = 0 imposes C µν = 0, where C is the Cotton tensor. The latter is the only dynamical equation.
If we impose b = 0 and solve for all the auxiliary fields, i.e. f a , ̟ a,b , and plug the solution back into the Chern-Simons action (2.5) we obtain (2.1), where e a is the only dynamical variable. In fact, the action can be rewritten in terms of conformal metric g µν .
New Conformal Higher Spin Theories
As it was already stated in the introduction, the main idea is to use the large stock of higher spin algebras for (partially)-massless fields that is available in AdS 4 and to add some new algebras. The same algebras can be interpreted as 3d conformal higher spin algebras. The action is the same Chern-Simons action, but for one of the algebras listed below:
Such a simple extension leads to more general Fradkin-Tseytlin fields with higher derivative gauge transformations and also to theories with a finite number of fields.
Higher Spin Algebras
What is needed is a higher spin extension of so(3, 2) -algebras that have so(3, 2) as a subalgebra and also contain various other nontrivial representations of so (3, 2) . One such class is partially-massless higher spin algebras. Originally, they were found as symmetries of conformally-invariant higher derivative equations k Φ(x) = 0 [12, 14, 15] . explicit structure constants [20, 58] . It was also found in various contexts [19, 20, 59 ] that there are certain finite dimensional algebras that can be viewed as higher spin algebras, at least up to some point. 2 Below we extend this class of finite dimensional algebras.
Finite-dimensional algebras.
In order to construct algebras with a finite spectrum of
Fradkin-Tseytlin fields one can take any nontrivial finite-dimensional irreducible representation V of so(3, 2), i.e. an irreducible tensor or a spin-tensor. The next step is to evaluate U(so(d, 2)) in V , i.e. multiply the generators 3 T AB = −T BA of so (3, 2) in this representation and identify the algebra, we denote hs(V ), that they generate. This algebra is an associative one by construction. Since V is irreducible the algebra is just Mat(V ), i.e. the algebra of all matrices of size dim V . Constructed this way hs(V ) = Mat(V ) comes equipped with a specific embedding of so(3, 2) generators via T AB . The same algebra can be understood as the quotient U(so(3, 2))/I by a two-sided ideal I that is the annihilator of V , i.e. I contains all polynomials in T AB that vanish on V .
We are interested in the decomposition of hs(V ) into irreducible so(3, 2)-modules -this decomposition, as is shown below, determines the spectrum of Fradkin-Tseytlin fields. The so(3, 2)-spectrum of hs(V ) is given by the decomposition of the tensor product V ⊗ V * , which is very easy to compute in practice. To summarize, there are infinite-many higher spin extensions of so(3, 2) that are labelled by various irreducible so(3, 2)-modules: 4
Spin-tensor representations V are also allowed. 5 Further extensions can be obtained by tensoring hs(V ) with the matrix algebra Mat N , which turns the otherwise abelian spin-one field associated with 1 of Mat(V ) into the Yang-Mills field. 6 Note, that hs(V ) = gl(V ) = sl(V ) ⊕ u(1) as a Lie algebra and the spin-one field always decouples unless the Yang-Mills groups are added. Since the finite-dimensional higher spin algebras result from Mat(V ) they are equipped with a canonical trace operation Tr , which allows us to write down the Chern-Simons action.
For example, let us take the simplest, vector, representation, which is denoted by one-cell Young diagram . The corresponding algebra, hs( ), has the following spectrum: 7
The algebra is just the matrix algebra with (d + 2) 2 generators t A B decomposed with respect to so(d, 2) (we keep the discussion d-dimensional here, otherwise, d = 3). The gl d+2 commutation relations are
In the so(d, 2) base, the irreducible generators are T AB = −T BA , S AB = S BA and R, i.e.
The commutation relations read
6c)
while R commutes with everything since it is associated with 1 in gl(V ).
Next to the simplest example is to take the rank-two symmetric representation, denoted by , which leads to algebra hs( ) [20] with generators t AB CD that are symmetric and traceless in the upper and lower pairs of indices. Its so(d, 2) decomposition reads
Infinite-dimensional algebras. A large class of infinite-dimensional algebras is given by the symmetries of (higher-order) singletons, i.e. free CFT's of type q Φ = 0 and q−1 / ∂Ψ = 0, which were studied in [12, 14, 15, 17, 18, 20, 58, 61] . These algebras are more difficult to work with, but the structure constants are explicitly available [20, 58] . We only present the so(3, 2)-spectrum, which reads
Note, however, that there are certain subtleties of the higher derivative theories in lower dimensions [60] . 8 The invariant trace Tr on such algebras is known [20, 58] , which allows one to write down the Chern-Simons action. 9
Free Fradkin-Tseytlin Fields
Our aim is to identify the field content of the new conformal higher spin gravities. We take one of the higher spin algebras listed above. Let us denote it hs. In order to read off the field content it is enough to linearize the theory over the Minkowski vacuum. In Cartesian coordinates this vacuum can be chosen as ω 0 = h a P a , where h a ≡ h a µ dx µ and the background dreibein h a µ is the unit matrix, h a µ = δ a µ . We recall that P a ∈ so(3, 2) ⊂ hs by construction. The free equations and the linearized gauge symmetries read
(3.9) 8 One interesting feature of 3d is that the higher spin algebras of q = 1 scalar and fermion are isomorphic. It is tempting to conjecture that the same is true for q > 1. For the q = 1 case this fact is one of the hints that the three-dimensional bosonization duality takes place. 9 Note that the (classical) Poisson limit of a higher spin algebra was taken in [9] . This allows one to write down equations, but not the action. Also, most of the interaction terms that are prescribed by the higher spin algebra disappear in the classical limit. The 3d conformal higher spin theory based on higher spin (super)-algebras was studied in [10] .
Since the background ω 0 occupies only the so(3, 2) subalgebra of hs, the free equations decompose into a set of independent equations for each of the so(3, 2) irreducible modules that appear in the decomposition of hs. Assuming that the generators of hs are t Λ , so that ω ≡ ω Λ t Λ and ξ ≡ ξ Λ t Λ , equations (3.9) read
It is clear that we need to create a dictionary between the Fradkin-Tseytlin fields and irreducible modules of so(3, 2) that can appear in hs. In the most general case, a module in the decomposition of hs can be an so(3, 2) tensor t C(k),D(m) that has a symmetry of a two-row rectangular Young diagram 10 · · · m · · · · · · k · · · (3.11)
The conformal algebra commutation relations are Conformal Gravity. First of all, it is instructive to redo the analysis for the conformal gravity case, which corresponds to the adjoint module V denoted by . In this case we choose t AB = −t BA and, hence, for the gauge field we find ω = ω a+ t a+ + 1 2 ω a,b t ab + ω +− t +− + ω a− t a− (3.14) and similarly for the gauge parameter ξ. The action of P a is read off from (3.12):
The linearized conformal gravity equations and gauge symmetries are
The analysis is, of course, the linearized version of the one in section 2. 11 (1) ω +− can be gauged away with the help of ξ m− , the leftover gauge symmetry being with ξ m− = ∂ m ξ +− ;
(2) the first equation implies dx µ ∧ dx ν h cν ω c− ν = 0, i.e. the anti-symmetric component of ω c−|d ≡ ω c− µ h µd must vanish, so that ω c−|m = S cm for some symmetric S ab ; (2) as in the gravity case, we can use the local Lorentz symmetry ξ ab to eliminate the antisymmetric part of the dynamical dreibein ω a+|m , so that ω a+|m = φ am for some symmetric φ ab ; (3) the algebraic gauge symmetry δφ ab = −η ab ξ +− with ξ +− allows us to gauge away the trace, so that φ ab is traceless; (4) the second equation allows us to solve for ω ab|m = −∂ a φ bm + ∂ b φ am ;
(5) the third equation expresses S ab as the linearized Schouten tensor
(6) so far all the equations merely expressed fields as derivatives of some other fields. The only dynamical equation is the last one that sets to zero the Cotton tensor
In flat space and Cartesian coordinates, we identify world indices µ, ν, ... and fiber ones a, b, .... In what follows we implicitly convert the world indices into the fiber ones with the help of h a µ = δ a µ and write them after the separator |, e.g. ω ab|m ≡ ω ab µ h µd .
Depth-two Conformal Gravity. The simplest new case is to take a vector representation of so (3, 2) , denoted by , i.e. we have t A as a base. The gauge field decomposes as
The action of the translation generators P a reads
(3.18)
The linearized system of equations and gauge symmetries is then
Similarly to the partially-massless case [29] , one proceeds as follows. With the help of ξ c we can gauge away ω + . The leftover gauge transformations obey ∂ m ξ + − ξ m = 0. The first equation implies that the anti-symmetric component of ω c = ω c µ dx µ vanishes, i.e. we can identify ω c|m = φ µc for some symmetric φ ab . The ξ − gauge symmetry δφ ab = ∂ a ξ b + η ab ξ − can be used to make φ ab traceless. As a result we are left with (ξ ≡ ξ + )
This is the depth-two Fradkin-Tseytlin spin-two conformal field. 12 The second equation can be projected onto the two irreducible components, one of them is used to solve for ω − m and another one leads to the Cotton tensor
that obeys the Noether identity ∂ a ∂ b C ab ≡ 0 as a consequence of (3.20).
Depth-three spin-three field. The simplest higher spin example is to take an irreducible rank-two symmetric representation of so(3, 2) denoted by , i.e. t AB = t BA , t AB η AB = 0.
The decomposition of ω can be chosen as
where we took into account the tracelessness, t m m +2t +− = 0. Note that ω ab is not traceless, but we do not have to introduce ω +− . The action of P a is
The linearized equations and gauge symmetries are
Here, we start by setting δω ++ = 0 and the leftover gauge symmetry requires ξ m+ = 1 2 ∂ m ξ ++ . The t ++ -equation implies that ω m+|n is symmetric. Proceeding to t a+ we observe that symmetric ω m+|n can be eliminated with the help of ξ ab , i.e. ω a+ = 0 now. The leftover gauge symmetry requires ξ ab = 1 2 ∂ a ∂ b ξ ++ . The ω a+ equation of motion implies that ω ab|m = φ abm for some symmetric φ abc . At the next step, t ab , the ξ a− gauge symmetry allows us to make φ abc traceless. Therefore, we see that φ abc transforms as (ξ ++ = 2ξ)
i.e. it is a depth-three Fradkin-Tseytlin field. The ω ab equation of motion has several so(2, 1)irreducible components. Some of them allows to solve for ω a− , while there is one that leads to the dynamical equation
where C abc is the Cotton tensor. The equation for ω a− allows us to solve for ω −− and imposes no additional constraints on φ. One can also find the Noether identity ∂ a ∂ b ∂ c C abc ≡ 0 manifesting the gauge symmetry (3.23).
General case. In the general case, given a higher spin algebra hs with an embedding of so(3, 2) we need to decompose hs into so(3, 2)-modules. The spectrum of Fradkin-Tseytlin fields is determined by the free field limit. As is anticipated in the introduction the complete dictionary between so(3, 2)-modules and conformal fields reads 13 δφ a 1 ...as = ∂ a 1 ...∂ at ξ a t+1 ...as + ... where the symmetrization is implied. The advantage of the spinorial language is that the complicated projector onto the traceless part is not needed.
Comments on Interacting Fradkin-Tseytlin Fields
Let us elaborate more on the formulation of the conformal higher spin gravities in terms of 
where the number of derivatives N s i ,t i in the vertex is fixed to be 3 + i (s i − t i + 1).
Similarly, the gauge transformations receive higher order corrections. The important feature of conformal higher spin theories is that the number of derivatives in a vertex is fixed for any given s i , t i . Therefore, conformal higher spin theories are always perturbatively local. The equations of motion should give the higher spin Cotton tensor (an appropriate multiplet of Cotton tensors, as prescribed by a given higher spin algebra).
It would be important to understand the higher spin geometry that underlies conformal higher spin theories and Cotton tensors. Another motivation to resort to the metric-like fields, which was obvious in [30] [31] [32] , is to discuss matter couplings. It is unclear at present how to couple matter fields directly to the Chern-Simons formulation even in the conformal gravity case, but is trivial, of course, in the metric-like formulation.
There is no conceptual problem in getting the nonlinear theory of 3d Fradkin-Tseytlin fields from the Chern-Simons formulation, which is similar to the massless case [33] . In the weak field expansion for every given order n one finds the system
where the lower order fields ω i are already expressed in terms of Fradkin-Tseytlin fields and derivatives thereof. At order-n one finds non-vanishing 'torsion' on the right-hand side. Upon expressing various components ω n in terms of φ's at order-n the torsion can be absorbed into the solution for ω n . The only component that cannot be absorbed, as is clear from the linearized analysis, is the Cotton tensor C n (to be precise a collection of tensors that depends on the spectrum of fields).
This way one can get, as a matter of principle, the order-by-order expression for the Cotton tensor(s). We expect that this problem is much simpler than the one for the massless case since the conformal fields can be studied in their simplest background, i.e. the flat space, and the derivatives in the interaction vertices are constrained by the conformal weight.
Indeed, in the simplest nontrivial case of hs = so(4, 2), i.e. sl(V ) for V being the spinorial representation of so(3, 2), the complete non-linear theory was derived in [9] .
Another way to approach the problem is the bottom-up Noether procedure, i.e. to try to construct order-by-order a consistent non-linear theory for a given spectrum of fields. It is tempting to conjecture that we have identified all such basic theories and they are in oneto-one with the list of higher spin algebras given above. The same time, given the simplicity of the conformal fields as compared to their massless cousins, the Noether procedure can be pushed to much higher orders.
Lastly, we would like to recall that the conformal gravity admits three equivalent formu- 
Conformal higher spin fields as background fields
A standard way to arrive at off-shell Fradkin-Tseytlin fields is to start with a matter fields and to consider a theory of its associated background fields. More specifically, taking for simplicity the scalar field one can write its action on a general HS background as [41] 
Natural gauge symmetries of this action are given by
This construction has a direct extension to more general systems including spinning conformal fields in terms of the respective quantum constrained systems [15, 63] . In d > 3 this nonlinear symmetry is a starting point in constructing both off-shell and on-shell conformal theories in even dimensions as well as associated massless higher spin theory in AdS d+1 [64, 65] . In particular, the higher spin algebra arises as a stability algebra of the vacuum H vac . This algebra is also known as that of global reducibility parameters. For instance, in the case of scalar field taking H vac = (η ab ∂ a ∂ b ) k one arrives at the usual (partially-massless)
higher spin algebras discussed in section 3.1.
In 3d the above strategy leads to a nonlinear theory of off-shell Fradkin-Tseytlin fields. In order to derive an on-shell theory one can try first to analyze the possible linear equations.
Using the known classification of conformally invariant equations [66] one concludes that there are only two options: either to leave higher spin Cotton tensor associated to H a 1 ...as (x) unconstrained or set it to zero. The former option leaves us with the off-shell theory while the latter leads to Chern-Simons theory discussed in the previous section. Indeed, at the linearized level this immediately follows from the analysis of section 3.2. If in addition we assume that the nonlinear theory should be a consistent deformation of the linearized one it is enough to work in the Chern-Simons formulation, where only higher spin algebra (seen as a linear space) valued one-form fields ω are present. This theory is of AKSZ type [67] and any its deformation should be also of AKSZ type [68] and hence determined by a Lie algebra structure on the space where one-form fields take values. Consistency with the algebra of global reducibility parameters requires that the algebras should coincide.
Despite the above logic gives the first-principle derivation of conformal higher spin Chern-Simons theory in the case of usual infinite-dimensional higher spin algebras, it does not cover the case of finite-dimensional ones. It turns out that this can be done in a similar way but with the conformal scalar replaced by topological matter that does not carry local degrees of freedom.
The conformally-invariant matter equations of motion on a conformally-flat background (e.g. Minkowski space) can always be represented as a covariant constancy condition where the connection is associated to the flat Cartan connection describing the space-time geometry.
Let V be the space of locally defined solutions, which is a module over so (3, 2) thanks to the conformal invariance. The matter equations of motion take the form (d + ρ(ω))φ = 0 , It is clear that algebra of vacuum symmetries coincides with Mat(V ).
To conclude, the natural background fields for topological matter are flat Mat(V )connections. This gives an independent argument justifying that the Chern-Simons theory for Mat(V ) can be derived from the topological matter system pretty much the same way as usual conformal higher spin gravity is derived from the standard 3d singleton. The important difference, however, is that in the case of topological matter neither we encounter off-shell conformal fields (for which Cotton tensor may be non-vanishing) nor we can write an action for φ that leads to (4.3).
